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Abstract
In this paper we construct an uncountable family of metric compactifications of the ray with the
remainder being the pseudo-arc, answering a question posed by Marwan M. Awartani.
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1. Introduction and preliminaries
On 1993 M. Awartani constructed an uncountable collection of mutually incomparable
chainable continua [1]. On 1995 he asked if all compactifications of the ray with remainder
being the pseudo-arc were homeomorphic or not. This question was answered in the
negative in [6] where two non-homeomorphic compactifications of the ray with remainder
being the pseudo-arc were constructed. In this paper an uncountable family of such
compactifications is constructed.
A continuum is a compact, connected metric space. Throughout this paper the letter X
denotes a continuum with a metric d . A map is a continuous function. Given two points
a, b in an arc L, ab denotes the subarc in L joining them.
A finite sequence C = {U1, . . . ,Us} of (not necessarily open) subsets of X is said to
be a chain provided that Ui ∩ Uj = ∅ if and only if |i − j |  1. The sets Ui are called
links, U1 is the first link and Us is the last link. We denote C = {clX(U1), . . . , clX(Us)}
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and C∗ =U1 ∪ · · · ∪Us . If each link Ui is connected, C is called a connected chain. Chain
C is called ε-chain provided that diam(Ui) < ε, for each i ∈ {1, . . . , s}. Given a chain
C = {U1, . . . ,Us}, a subchain is a chain of the form C(i,j) = {Ui,Ui+1, . . . ,Uj }.
Let C = {U1, . . . ,Us} andD = {V1, . . . , Vt } be chains. We say thatD refines C provided
that, for each j ∈ {1, . . . , t} there exists i ∈ {1, . . . , s} such that Vj ⊂ Ui . Chain D is
crooked in chain C if D refines C and for any indices i, j,m and n with Vi ∩ Um = ∅,
Vj ∩Un = ∅ andm< n−2, there exist indices k and l with i < k < l < j (or i > k > l > j )
and Vk ⊂Un−1, Vl ⊂Um+1.
The continuum X is chainable if for each ε > 0 there exists an ε-chain C such that
X = C∗.
A continuum X is said to be decomposable provided that X can be written as the
union of two proper subcontinua. A continuum which is not decomposable is said to be
indecomposable.
A property of a continuum X is said to be hereditary provided that each subcontinuum
of X has the property.
The pseudo-arc is a nondegenerate, hereditarily indecomposable, chainable continuum
[5, p. 28]. Bing has proved that there is a unique continuum satisfying these conditions
(see [2]).
Let C be a chain in the plane, an arc L is said to go straight in C provided that L⊂ C∗
and if two points a and b are in L ∩ U , for some link U of C , then the subarc ab of L is
contained in U . Notice that, if J is a subarc of L and C(i,j) is a subchain of C such that
J ⊂ C∗(i,j), then J goes straight in C(i,j).
An arc L is crooked in a chain in the plane C = {U1, . . . ,Us} if L ⊂ C∗ and each time
that there exist points p, q ∈ L such that p ∈ Um, q ∈ Un and m< n− 2, then there exist
points p′, q ′ ∈ pq such that p < p′ < q ′ < q (in the natural order of the arc pq) and
p′ ∈ Un−1 and q ′ ∈ Um+1. Notice that, if J is a subarc of L, L is crooked in C and C(i, j)
is a subchain of C such that J ⊂ C(i, j)∗, then J is crooked in C(i, j).
The following results are easy to prove.
Lemma 1. Let A, B and C be chains such that A refines B and B is crooked in C , then A
is crooked in C .
Lemma 2. Let B and C be chains and L an arc such that L goes straight in B and B is
crooked in C . Then L is crooked in C .
Construction 3. The pseudo-arc can be constructed as follows (see [5, p. 28, (1.7)]):
Let {Cn}∞n=1 be a sequence of connected chains in the plane such that for distinct points
p0 and q0,
(1) each Cn has p0 in its first link and q0 in its last link,
(2) Cn is a 12n -chain for each n,
(3) Cn+1 refines Cn for each n, and
(4) Cn+1 is crooked in Cn for each n.
Then P =⋂{C∗n: n ∈N} is a pseudo-arc.
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Construction 4. Consider the sequence of chains {Cn}∞ as in Construction 3, we alson=1
ask that p0 = (0,0), q0 = (1,0), the links of each Cn are convex and C∗1 ⊂ [0,1] × [−1,1].
For each n ∈N we consider an arc Ln such that Ln joins p0 and q0 and Ln goes straight
in Cn.
It is easy to check that limLn =P (with the Hausdorff metric, see [4, p. 11, 2.1]).
Lemma 5. For each n ∈ N, there exists mn ∈ N such that n < mn and, if k mn, L is a
subarc of Ln and h :L→ Lk is an embedding, then one of the following condition holds:
(a) diam(h(L)) 14 , or
(b) there exist points u,v in L such that ‖u− v‖< 1
n
and ‖h(u)− h(v)‖ 18 .
Proof. Consider chain Cn = {U1,U2, . . . ,Us} as in Construction 3.
Let M ∈N be such that 3s+42M < 14 and s2M + 12M < 116 .
Take mn =M + 1, k  mn, h : L→ Lk an embedding and chain CM = {V1, . . . , Vr}
as in Construction 3.
Assume that diam(h(L)) > 14 , then there exist points p and q of h(L) such that
‖p− q‖> 14 . Consider the subarc pq of h(L). Since pq ⊂ Lk , Lk goes straight in Ck andCk is crooked in CM , pq is crooked in CM . Thus there exists a minimal subchain CM(i, j)
of CM such that pq is crooked in CM(i, j), where i  j .
Claim 1. j − i > 3s + 3.
Proof. In order to prove Claim 1, suppose to the contrary that j − i  3s + 3. Then
1
4 < ‖p− q‖ diam(pq) diam(Vi ∪ · · · ∪Vj ) diam(Vi)+ · · ·+ diam(Vj ) j−i+12M 
3s+4
2M <
1
4 . This is a contradiction that proves Claim 1. ✷
Claim 2. diam(Vi+s ∪ · · · ∪ Vj−s−1) > 18 + 22M .
Proof. In order to prove Claim 2, notice that, by the choice of M ,
diam(Vi ∪ · · · ∪ Vi+s−1)+ diam(Vj−s ∪ · · · ∪ Vj ) s − 12M +
s
2M
<
1
8
− 2
2M
.
Since
1
4
< ‖p− q‖ diam(pq) diam(Vi ∪ · · · ∪ Vj )
 1
8
− 2
2M
+ diam(Vi+s ∪ · · · ∪ Vj−s−1),
we have that
1
8
+ 2
2M
< diam(Vi+s ∪ · · · ∪ Vj−s−1). ✷
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Claim 3. h(L) contains s + 1 pairwise disjoint arcs A1, . . . ,As+1 with diam(At )  1 ,8for each t ∈ {1, . . . , s + 1}.
Proof. We prove Claim 3. Fix an order < in the arc pq in such a way that p < q . By the
choice of i and j , pq ∩ Vi = ∅, pq ∩ Vj = ∅. Thus, we can choose points p1 ∈ pq ∩ Vi
and qs+1 ∈ pq ∩ Vj .
By Claim 1, i < j − 2. Since pq is crooked in CM , there exist points q1,p2 ∈ p1qs+1
such that p1 < q1 <p2 < qs+1, q1 ∈ Vj−1 and p2 ∈ Vi+1.
By Claim 1, i+1< j−2. Since pq is crooked in CM , there exist points q2,p3 ∈ p2qs+1
such that p2 < q2 <p3 < qs+1, q2 ∈ Vj−1 and p3 ∈ Vi+2.
Since, by Claim 1, i + s − 1 < j − 2, it is possible to continue this procedure to show
that there exist points p1,p2, . . . , ps+1, q1, q2, . . . , qs+1 in pq such that:
(a) p1 < q1 <p2 < q2 < · · ·<ps < qs < ps+1 < qs+1,
(b) pt ∈ Vi+t−1 and qt ∈ Vj−1 for each t ∈ {1, . . . , s + 1}.
For each t ∈ {1, . . . , s + 1}, let At = ptqt . Clearly, A1, . . . ,As+1 are pairwise disjoint
subarcs of pq . Since At is a connected set and intersects Vi+t−1 and Vj−1 and i +
t − 1  i + s, At intersects each one of the links Vi+s, . . . , Vj−s−1. Thus, given points
a, b ∈ Vi+s ∪ · · · ∪ Vj−s−1, there exist points c, e ∈ At such that ‖a − c‖,‖b − e‖< 12M .
Then diam(Vi+s ∪ · · · ∪ Vj−s−1) diam(At )+ 22M . By Claim 2, 18  diam(At ).
Claim 3 has been proved. ✷
We are ready to finish the proof of the lemma.
Since the arc Ln goes straight in Cn and h−1(pq) is a subarc of Ln, there exist
points u0, . . . , um ∈ pq such that m  s, p = u0 < u1 < · · · < um = q and, for each
t ∈ {1, . . . ,m}, h−1(ut−1ut ) ⊂ Ul for some l ∈ {1, . . . , s}. By the box principle, since
{A1, . . . ,As+1} are disjoint, there exists j0 ∈ {1, . . . , s + 1} such that Aj0 does not
contain any point ut . Thus, there exists t0 ∈ {1, . . . ,m} such that Aj0 ⊂ ut0−1ut0 . Then
diam(h−1(Aj0)) 12n and diam(Aj0)
1
8 . Therefore, there exist points u,v in h
−1(Aj0)⊂
L such that
‖u− v‖< 1
2n
<
1
n
and
∥∥h(u)− h(v)∥∥ 1
8
.
This completes the proof of the lemma. ✷
For each n ∈ N, let Fn = {α :Ln → [0, 132 ] | α is a map and |α(p)− α(q)| ‖p − q‖
for every p,q ∈ Ln}. Given α ∈Fn, let Jα = {(p,α(p)) ∈R3: p ∈ Ln}.
Lemma 6. For each n ∈ N, let mn ∈ N be as in Lemma 5. Suppose that k mn, α ∈ Fn,
β ∈ Fk , J is a subarc of Jα and h :J → Jβ is an embedding. Then one of the following
condition holds:
(a) diam(h(J )) 13 , or
(b) there exist points u,v in J such that ‖u− v‖< 2
n
and ‖h(u)− h(v)‖ 18 .
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Proof. Let f :Ln → Jα be given by f (p) = (p,α(p)) and g :Lk → Jβ , where g(q) =
(q,β(q)). Notice that f and g are homeomorphisms, ‖(p,0) − f (p)‖  132 for each
p ∈Ln and ‖(q,0)− g(q)‖ 132 for each q ∈ Lk .
Notice that ‖p−w‖ ‖f (p)−f (w)‖ 2‖p−w‖ for every p,w ∈Ln and ‖q− z‖
‖g(q)− g(z)‖ 2‖q − z‖ for every q, z ∈ Lk .
Let L= f−1(J ) and h′ :L→ Lk be given by h′ = g−1 ◦ h ◦ (f |L). Then L is a subarc
of Ln and h′ is an embedding. Thus we can apply Lemma 5 and we obtain that one of the
following condition holds:
(a′) diam(h′(L)) 14 , or
(b′) there exist points u′, v′ in L such that ‖u′ − v′‖< 1
n
and ‖h′(u′)− h′(v′)‖ 18 .
Suppose first that diam(h′(L))  14 . Given (p,α(p)), (w,α(w)) ∈ J , since L =
f−1(J ), p,w ∈ L. Thus ‖h′(p) − h′(w)‖  14 . Since ‖g(h′(p)) − h′(p)‖  132 and
‖g(h′(w))− h′(w)‖ 132 , ‖g(h′(p))− g(h′(w))‖ 13 .
Hence, ‖h(p,α(p))− h(w,α(w))‖ 13 .
We have shown that diam(h(J )) 13 .
Now, suppose that there exist points u′, v′ in L such that ‖u′ − v′‖ < 1
n
and
‖h′(u′)− h′(v′)‖ 18 . Let u= f (u′) and v = f (v′). Then ‖u− v‖< 2n and ‖g(h′(u′))−
g(h′(v′))‖ 18 . Thus, ‖h(u)− h(v)‖ 18 .
This ends the proof of the lemma. ✷
Construction 7. First, we construct, inductively, a sequence {nk}∞k=1 of positive integers.
For each n ∈ N consider a number mn as in Lemma 5. Let n1 = 1 and, for each k ∈ N,
let nk+1 =mnk . Notice that n1 < n2 < · · · . Given an infinite subset T of {n1, n2, . . .}, we
construct a compactification ST of the ray [0,∞) in the following way.
Suppose that T = {j1, j2, . . .}, where j1 < j2 < · · · . For each i ∈ N, let α(ji) :Lji →
[0, 132 ] be given by
α(ji)((x, y))=


x
(
1
2i+5
)
+ (1− x)
(
1
2i+4
)
, if i is odd,
x
(
1
2i+4
)
+ (1− x)
(
1
2i+5
)
, if i is even.
Notice that α(ji) ∈Fji . Let J (ji)= Jα(ji) = {(p,α(ji)(p)) ∈R3: p ∈Lji }.
Let RT =⋃{J (ji): i ∈N}. Finally, let ST = clR2(RT ).
The following lemma is easy to prove.
Lemma 8. Given an infinite subset T of {n1, n2, . . .}, conditions (a)–(d) follow.
(a) RT is homeomorphic to [0,∞),
(b) limJ (ji)=P (with the Hausdorff metric),
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(c) ST =P ∪RT ,
(d) ST is a metric compactification of the ray with remainder P .
Theorem 9. Let T and Q be infinite subsets of {n1, n2, . . .} such that T ∩Q is finite. Then
ST and SQ are not homeomorphic.
Proof. Suppose to the contrary that there exists a homeomorphism h :ST → SQ. Then
h(P)=P and h(RT )=RQ.
Suppose that T = {j1, j2, . . .} and Q = {k1, k2, . . .}, where j1 < j2 < · · · and k1 <
k2 < · · · .
Since RT is homeomorphic to RT ′ for each subset T ′ of T of the form T ′ =
{ji, ji+1, ji+2, . . .} and T ∩Q is finite, we may assume that T ∩Q= ∅.
For each i ∈ N, let R−i =
⋃{J (kl): kl < ji} and R+i = ⋃{J (kl): kl > ji}. Notice
that RQ =R−i ∪ R+i , R−i is an arc or the empty set and, in the case that R−i = ∅, then
R−i ∩ R+i is a one-point set.
For each i ∈N, let Ai = h−1(R−i ) ∩ J (ji) and Bi = h−1(R+i ) ∩ J (ji). Then each one
of the sets Ai and Bi is an arc and the other one is an arc, a one-point set or the empty set,
and J (ji)=Ai ∪Bi .
Since limJ (ji) = P , limJ (kl) = P and diam(P) = 1 then there exists M1 ∈ N such
that for every i, l M1, diam(h(J (ji)) 23 and diam(h−1(J (kl))
2
3 .
By the uniform continuity of h and h−1, there exists δ > 0 such that, if ‖p − q‖< δ,
then ‖h(p)− h(q)‖< 18 and, if ‖u− v‖< δ, then ‖h−1(u)− h−1(v)‖< 18 .
Let M2 ∈N such that M2 M1 and, if i, l M2, then 2kl , 2ji < δ.
Since limh(J (ji)) = P, then there exists M3 ∈ N, M3  M2 such that, for every
i M3, if h(J (ji))∩ J (kl) = ∅, then l M2.
Claim 1. For every i M3, diam(Ai) 23 .
We prove Claim 1.
Proof. First, let i M3 and suppose that l ∈ N is such that the set D = h(Ai) ∩ J (kl) is
nondegenerate. Notice that D is a subarc of J (kl), by definition of Ai , kl < ji and, by the
choice of the sequence n1, n2, . . . , ji mkl . Then h−1 :D→ J (ji) is an embedding that
satisfies the conditions of Lemma 6. Since i M3 and h(Ai) ∩ J (kl) = ∅, then l M2.
This implies that condition (b) of Lemma 6 is not satisfied. Therefore diam(h−1(D)) 13 .
Since l  M1, we conclude that D = J (kl). We have shown that, if h(Ai) ∩ J (kl) is
nondegenerate, then h(Ai) ∩ J (kl) = J (kl) and diam(h−1(h(Ai) ∩ J (kl))) 13 . Thus the
arc h(Ai) cannot contain an interval of the form J (kl) and, in fact, h(Ai) is contained in a
set of the form J (kl)∪ J (kl+1). Therefore,
diam(Ai)= diam
(
h−1
(
h(Ai)
))= diam(h−1(h(Ai)∩ (J (kl) ∪ J (kl+1))))
= diam(h−1(h(Ai)∩ J (kl))∪ h−1(h(Ai) ∩ J (kl+1)))
 diam
(
h−1
(
h(Ai)∩ J (kl)
))+ diam(h−1(h(Ai)∩ J (kl+1))) 23 .
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This completes the proof of Claim 1. ✷
Claim 2. For every i M3, diam(h(Bi)) 23 .
Proof. Let i  M3 and suppose that l ∈ N is such that the set E = h(Bi) ∩ J (kl) is
nondegenerate. Notice that E is a subarc of J (kl), by definition of Bi , ji < kl and, by the
choice of the sequence n1, n2, . . . , kl  mji . Then h :h−1(E)→ J (kl) is an embedding
that satisfies the conditions of Lemma 6. Since i M2, condition (b) of Lemma 6 is not
satisfied. Therefore, diam(h(h−1(E)))  13 . So, diam(h(Bi) ∩ J (kl))  13 . In particular,
h(Bi) ∩ J (kl) = J (kl). We have shown that, if h(Bi) ∩ J (kl) is nondegenerate, then
h(Bi) ∩ J (kl) = J (kl) and diam(h(Bi) ∩ J (kl))  13 . Thus the arc h(Bi) cannot contain
an interval of the form J (kl) and, in fact, h(Bi) is contained in a set of the form J (kl) ∪
J (kl+1). Therefore, diam(h(Bi)) = diam(h(Bi) ∩ J (kl)) + diam(h(Bi) ∩ J (kl+1))  23 .
This completes the proof of Claim 2. ✷
We are ready to complete the proof of the theorem.
Let {Ait }∞t=1 and {Bit }∞t=1 be subsequences of {Ai}∞i=1 and {Bi}∞i=1, respectively, such
that limAit = A and limBit = B , for some subcontinua A and B of P . Since J (jit ) =
Ait ∪ Bit and limJ (jit ) = P , we have that P = A ∪ B . By the indecomposability of
P , A = P or B = P . By Claim 1, diam(A)  23 . Thus B = P . So, limBit = P and
limh(Bit ) = h(P)= P . But, by Claim 2, diam(limh(Bit ))  23 . This contradicts the fact
that diam(P) 1 and finishes the proof of the theorem. ✷
Theorem 10. There are uncountable many non-homeomorphic metric compactifications of
the ray [0,∞) with remainder being the pseudo-arc.
Proof. By [3, Problem 11B, p. 101], there exists an uncountable family {Tλ: λ ∈ Λ} of
subsets of {n1, n2, . . .} such that, for every λ = β , Tλ ∩ Tβ is finite. Let Σ = {STλ : λ ∈Λ}.
If λ = β , then by Theorem 10, STλ is not homeomorphic to STβ . ✷
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